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ABSTRACT

In this paper,we study some existence and uniqueness fixed point theorems in complete G-
metric space using a new generalized weakly contractive condition which improve and
generalize some metric fixed piont results in the literature.
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1. INTRODUCTION AND PRELIMINARIES

In 2006, Mustafa and Sims [1] introduced a notion of generalized metric space called G-
metric space . Afterwards, several authors studied many fixed point results for self-

mappings in G-metric spaces under certain contractive conditions [2,3].

We now present some preliminaries and definitions which are used in the sequel.

Definition 1.1. [1] Let X be a non empty setand let G: X X X x X — [0,) be a function

satisfying the following properties:
Gx,y,z2) =0if x=y =2z
G(x,x,y) > 0forall x,y € X, withx # y.
G(x,x,y) <G(x,y,z)forall x,y,z € X, withy # z.
G(x,y,z) =G(x,z,y) = G(y,z x) =..., (Symmetry in all three variables)

G(x,y,z) <G(x,a,a) + G(a,y,z), forall x,y,z a € X (rectangular inequality)
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Then the function G is called a G-metric on X and the pair (X, G) is called a G-metric

space.

Definition 1.2. [2] Let (X, G) be a G-metric space and let {x,,} be a sequence of points in
X. We say that {x,,} is G-convergent to x if lim,, ,, ., G(x, x,,, x,,) = 0. That is,for any
€ > 0, there exist neN such that G(x, x,,, x,,,) < € for all n,m = n. We call x as the limit

of the sequence {x,, } and we write x,, = x asn — o or lim,,_,,, x,, = x.

Definition 1.3.[1] Let (X, G) be a G-metric space. A sequence {x,} is called G-Cauchy
sequence if given € > 0, there is N€ n such that G (x,,, x,,,, x;) < € for all n,m,l =N, that

1S, G(x,, X, x) > 0asn,m,l - .

Definition1.4.[1] A G-metric space (X, G) is said to be G-complete if every G-cauchy

sequence in (X, G) is G-convergent in (X, G).

Proposition 1.5. [1] Let (X, G) be a G-metric space. Then for any x,y,z,a € X, the
following holds.

IfG(x,y,z) =0thenx =y = z.

Definition 1.6.[4] Let X be a metric space. A function f: X — [0,) is called lower semi-

continuous if x e X and {x,} in X with lim,,_,,, x,, = x, then f(x) < liméiinf, ., f(x,).

Definition 1.7 .[4] Let (X, d) be a metric space and let ¢: X — [0, ) be a lower semi-

continuous function. A self map T: X — X is called a a generalized weakly contractive
mapping if Y(d(Tx, Ty)) + @(Tx) + ¢(Ty) < p(M(x,y)) — p(L(x,y)) forall x,y € X
, Where 1 : [0,0) — [0, 0) is continuous with ¥ (t) = 0ifft =0, ¢ : [0,0) = [0,0) is
lower semi-continuous with @(t) = 0ifft = 0and M(x,y) = maxi{d(x,y) + ¢(x) +
P(1),d(x, Tx) + 9(x) + p(Tx), A, TY) + 9 () + ¢(Ty), - (d(x,Ty) + p(x) +
@(Ty) +d(,Tx) + ¢(y) + ¢(Tx))} and L(x,y) = maxif{id(x,y) + ¢(x) +

(), d,Ty) + ¢(y) + @(Ty)} .

In 2018, Seonghoon Cho proved the following theorem .

Theorem 1.10. [4] Let ( X, d) be a complete metric space . If T is a generalized weakly

contractive mapping , then there exists a unique z in X such that z =Tz and ¢(z) = 0.
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We now prove a theorem analogous to the above theorem.
2. MAIN RESULTS

Theorem 2.1. Let (X, G) be a complete G-metric space and T be a self map of X
satisfying

,u(G(Tx, Ty, Tz) + (Tx) + ¢(Ty) + <p(TZ)) < ,u(L(x, Y, Z)) — (p(M(x, Y,z )) for all
X,y,z in X Q where L(x,y, z) = maxi{G(x,y,z) +
P(x) + o) +¢(2),G(x, Tx, Tx) + ¢(x) + 2¢(Tx), G(y, Ty, Ty) + () +
20(Ty),6(2,72,T2) + 9(2) + 20(T2),  {G(xTy,TY) +¢(0) + 29(Ty) +

Gy, Tz,Tz) + p(y) + 2¢0(Tz) + G(z,Tx,Tx) + ¢(z) + 2¢(Tx)}, and M(x,y,z) =
maxi{c (x,y,2) + () + o) + ¢(2), G, Ty, Ty) + ¢(¥) + 2¢(Ty),G(2, Tz, Tz) +
©(z) + 2¢(Tz)} and ¢:[0,%0) — [0,0) is a lower semi-continuous function with

() =0ifft=0and u:[0,00) = [0, ) is continuous such that u(t) = 0 ifft = 0.
Then there exists a unique p in X such that p = Tp and ¢(p) = 0.

Proof : Letx, € X be arbitrary . Define a sequence {x, } in X such that x,, = Tx,,_; for
all n>1.If x, = x,,_4 for some n, then T has a fixed point. Assume that x,, # x,,_; for

alln = 1. Now, foralln > 1 from (1) we have
(G (Txn, T 11, Txn 1) + 9(Tx) + 20(Txp41)) < (L) X g1, Xn11)) =
(p(M(xn'xn+1'xn+1))- (2) Where! L(xn'xn+1rxn+1) = max {G(xnfxn+1lxn+1) +

@) +20(x041), G(x,, Txy, Txy) + @(x,) + 20(Tx,), Gyt Ty 41, TXp 1) +
(p(xn+1) + 2<p(Txn+1),

G(Xp11, Txn 11, TXng1) + @ 41) + 20(Txy41), %(G(xn,Tan» Txpy1) + @0(x,) +
20(Txn11) + G(Xn11, TXpg1, Txpy1) + @(xn41) + 20(Txp 1) + Gy, T, Txy) +
9 Ctnn) +20(Tx,))}

But é(G(xn' Txn41, Txnp1) + @) + 20(Txp41) + G(xpp1, Txyyq, TXpyq) +

@ (1) + 20(Txp1) + G (a1, T2, T2) + @(X41) + 20(Ty)) =
%(G(xnﬂxn+2»xn+2) + @(x,) + 20X 42) + G(Xpi1, X2, Xn2) + @(xp4) +

20 (xp42) + G(py1, Xng1, Xny1) + @(xn41) + Z(P(xn+1)) =< %(G(xn'xn+1lxn+1) +

G(xn+1rxn+2ﬂxn+2) + (p(xn) + 2(p(xn+2) + G(xn+1ﬂxn+2ﬁxn+2) + ¢(xn+1) +
2(p(xn+2) + G(xn+1'xn+1'xn+1) + ¢(xn+1) + 2¢(xn+1))
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< max{ G(xp, Xp 41, Xp41) + ©00) + 20(xn41), G(Xn g1, Xny2, Xng2) + @O0 41) +
2¢(x,42)} Hence L(xy, Xp 11, Xp 1) = maxifle (X, Xn 41, Xny1) + @0) + 290 (xp41),
G (Xpt1) Xn 42, Xng2) T @ p1) + 20(xn42)} - Now

M (X, Xn 11, Xp41) = Maxfl (X, Xn 41, Xp41) + @00) + 20 41),

G (41, Xp42) Xng2) + O(Xn41) + 20(X042), G (X410, Xng2) Xng2) + @(xn41) +

2 (xp42)}

Suppose G (xp, Xn41,Xn41) + @(xn) + 20(xn11) < G(Xpy1, Xny2, Xny2) + @O 41) +
2¢(x, o) for some integer n. Then from (1), we have u(G(xn+1,xn+2,xn+2) +
@(xnt1) + 20(xn12)) < (G (Xn1, Xn2, Xn42) + (0 41) + 290(x,42)) —

@ (G410 Xn42 Xs2) + @(Xn41) + 20(x,42)) Which implies that

@(G (41, Xn 42 Xa2) + P(Xnp1) + 20(xn42)) = 0 and hence G (x;,41, X2, X i2) +
P py1) + 20(Xn42) = 0.50 9(xp41) = @(Xpq2) =0and x4 =Xy, 2
contradiction. Thus G (X, 41, X 42, Xna2) + ©(Xp41) + 20 (X 42) < G( Xy, Xpy1) Xnp1) +
o (x,) + 2¢(x,41) forall n, which shows that the seugence {G (x,,+1, Xp 42, Xn42) +

@ (x,41) + 2¢0(x,42)} is monotonic decreasing and hence converges to some real number
r>0. i.e, lim GO11, Xnt2, Xn42) + @(n11) + 20 (X 42) =T

©)

So we have L(xp, Xn 11, Xp+1) = G( X, X1, Xng1) + @(3,) + 20 (x5 41)

and MQxp, X 41, Xn11) = G(Xn, Xnp1, Xny1) + @(xn) + 20 (x 41) forall n.

Suppose r> 0. Now from (1) we get that

1(G Oy 41, Xna2, Xnt2) + @O 41) + 20(%042)) < u(G (X, Xn41, Xnr1) + @ () +
20(%n41)) = (G (X, Xnp1, Xni1) + (%) + 290 (X 11)) -

(1.1) Letting n—o and in view of the properties of u, ¢ , we get u(r) < u(r) — ()

implies ¢ (r) <0, a contradiction. Hence r = 0. That is, lim G(Xpi1) Xns2) Xna2) +
@ (xp41) + 2¢0(x,42) = 0. So that lim G (Xpi1) Xn42, Xn42) =0and lim

@ (xy41) = 0. (4)

(1.2) We now claim that the sequence {x, } is Cauchy. On the contrary , suppose that
{x,} is not Cauchy. Then there exists an &€ > 0 and two sequences {m(k)} and
{n(k)} with n(k) > m(k) > k for all positive integers k such that
G (X (ks Xn ) Xn (1) = & A0 G (X (1), X ()1, X (h)-1) < E-

On using rectangular inequality, (4) , (5) and letting k—o0 ,we obtain
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& < G(Xmapy X000 Xne) = G(mapy Xn0-10 X (-1) G (Xn -1, Xn (o) Xn(r))
S0 & < G(Xmwy Xty Xngy) <E + G (Xm@-1, Xm () Xn (i) -
e < lim G (X (y Xy Xn(y) < € + 0 and therefore lim G (% () Xn ) Xn(iy) = € -
(6)
Again by rectangular inequality, we have G (X, iy, Xn (k) Xnk))
< (G (tm@ty Xm0y +1 Xm (1)
+G (X ()1, Xn () +10 Xn o) +1) +

G (% ()10 X Gy X)) 3
and G (X ()+1, Xn () +1 Xn()+1) S G (X k)41 Xim (k) Xm i)

+6 (Xm0 Xn (i) X)) + G (X iy Xn ()41, Xn (i) +1)
Letting k—o0, we get from (4) and (6) that lim G(xm(k)+1, Xn (k)+1s xn(k)+1) =E€.
(7)
AlSO G (%Xom 1, Xn 1) X)) < G (X ) X1, Xn i +1) + G (n iy +1, X000 X))
G (%m (k) Xn ()41, Xn()41) = G (X iy X009 X 1)) G (Xn () X ()41, Xn i 41) -

Letting k—o0 in the above inequalities, we get lim G(Xm @) Xn(k)+17 Xn(k)+1) =g.

8

Similarly, it can be shown that lim G (X, ey, Xm ()41 Xm () +1) = &-
)

Now from (1) with x = x,, ), ¥ = Xnk), 2 = Xnq) » We have

U (G(Txm(k)rTxn(k)'Txn(k))) +@(Txm@y) + 2 9(Tony) <

(Lm0 X0 %n19) ) = @ (M G ¥y X))
(10)

where

L(Xm i0» X iy X 1)) =

max {G (tm iy, Xn i Xny) + @ (omey) + 20 (X)), G (maeyr Ty TXm i) +
(X)) + 20(Txm i), 6 (Xn iy Txn iy Txnii) + @ (Xmeey) + 20(Txn),
§(G(xm(k)' Tty Txno)) + @ (Xmaoy) + 20(Txnao) + 6 (g, Txn oy TXngey) +

¢ (%)) + 20T 1)) + 6 (n iy TXm iy Txmain) + @ (X)) + 2<P(Txm(k)))} =
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max {G (X o ¥y X)) + 9 (Emr) + 20 (0 0)s 6 (Bt Xm 41, Bmger 1) +
P (Xmay) + 20 (X k)+1)> G (Xn k) Xn (41 Xnior+1) + @(Xngiy) + 20 (Xny41)s
%(G(xm(k)'xn(k)+1'xn(k)+1) + @ (Xm@iy) + 20(%n(y+1) + 6 (Xngey Xngo+1 Xngoy+1) +

<p(xn(k)) + 2<P(xn(k)+1) + G(xn(k)»xm(k)+1'xm(k)+1) + ‘P(xn(k)) + 2<p(xm(k)+1))}
Letting k—o0, and using (4) to (9), we get lim L(xm (k)1 Xn (k)» xn(k)) =E€.
Now,
M (% (1) X (s X)) =
maxf(m (1), Xn ey, X (o)) + @ (m()) + 20 (4000, G (X 0y, Txn iy TXn)) +
@ (%na0) + 20(Txnw)), G (i Txn(er, TXn ) + @ (Xmery) + 200(Txn )}
= max{G (Xm ), Xn ey Xn i) + @ (Xmai)) + 20 (*ni)s G (Xn iy Xn ()11 Xn ey 1)
+ 0 (Xn0) + 20(Xn0+1)s G (Xn iy Xnor+1, Xn(y+1) + @ (X))
+ 20 (X (0y41) }
Letting k—o0, and using (4) to (9), we get fim M(xm(k), Xn (k) xn(k)) =g.
Hence from (10) as k—oo , we get u(e) < u(e) — @(€) implies ¢(€) <0, a contraction.(in
view of the property of ¢).Thus {x,,} is a Cauchy sequence in X. Since X is a complete G-

metric space, we can find a pe X such that lim x,, = p. In view of the lower semi-

continuity of ¢ , we have ¢ (p) < liminf,_,,, ¢(x,) < lim,_, ¢(x,) = 0. That is,

¢(p) = 0.
We now prove that p is a fixed point of T.

Onusing (1) with x=x,, y=p,z=p,we get,u(G(Txn,Tp, Tp) + o(Tx,) +
2¢0(Tp)) < u(Lix,,p,p)) — @M (xy,p,0)) OF p(G(xys1, TP, TP) + p(Xn41) +
20(Tp)) < u(Lix,,p,p)) — oM (x,,p,p))  (11)

where L(x,, p,p) = maxiflz (x,,p,p) + ¢ (x,) + 29(p), G(x,, Tx,, Tx,) + @ () +
2¢(Tx,),G(p, Tp,Tp) + ¢(p) + 2¢(Tp),G(p, Tp, Tp) + ¢(p) +
20(Tp) (G (o, TP, TP) + @(x) + 20(Tp) + G, Tp, Tp) + 9(p) + 29(Tp) +

G, Txp, Tx,) + @(p) + 20(Tx,)}

Taking limit as n—oo,
Em L(xp,p,p) =

maxd{iz (p,p,p) + () + 2¢0(p), G(p, Tp,Tp) + ¢(p) + 2¢(Tp), G(p, Tp, Tp) + @(p) +
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20(Tp), G (1, Tp, Tp) + () + 20(Tp), {6, Ty, Tp) + 9(p) + 20(Tp) +
G(p,Tp,Tp) + ¢(p) + 20(Tp) + G(p, Tp, Tp) + ¢ (p) + 2¢(Tp)}

=G(p,Tp,Tp) + 2¢(Tp) and
M(x,, p,p) =
maxi{l (x,, p, p) + ¢(xn) + 2¢(p), G(p, Tp, Tp) + ¢(p) + 2¢(Tp), G(p, Tp, Tp) +
¢(p) + 2¢(Tp)}
Taking limit as n—oo,

ET;‘C M(xnr p, p) =

maxi{lz (p, p, p) + ¢(p) + 2¢(p), G(p, T, Tp) + ¢(p) + 2¢(Tp),G(p, Tp, Tp) + ¢(p) +
2¢(Tp)} =G(p,Tp, Tp) + 2¢(Tp)

Hence from (11), as n—oo we get that u(G(p, Tp,Tp) + 2(p(Tp)) < u(G(,Tp,Tp) +
20(Tp) ) — ¢(G(p, Tp, Tp) + 2¢(Tp) ) which implies that ¢ (G (p, Tp, Tp) +

2¢0(Tp) ) < 0and so that G(p, Tp, Tp) + 2¢(Tp)= 0 which gives ¢(Tp)=0and Tp =p,
showing that p is a fixed point of T. The uniqueness of fixed point follows from (1) .This

completes the proof.

Corollary 2.2. Let (X, G) be a complete G-metric space and T be a self map of X
satisfying u(G(Tx,Ty,Tz) + ¢(Tx) + @(Ty) + ¢(T2)) < u(L(x,y,2)) — p(L(x,y,2))
for all x,y,z in X,where L ,u and ¢ are given as in Theorem 2.1. Then there exists a
unique p in X such that p = Tp and ¢(p) = 0.

Proof : Follows from the Theorem 2.1 by taking M(x,y,z) = L(x,y,z).

Corollary 2.3. Let (X, G) be a complete G-metric space and T be a self map of X
satisfying

u(G(Tx, Ty, Tz) + (Tx) + o(Ty) + ¢(T2)) < u(M(x,y,2)) — p(M(x,y,2)) for all
X,y,z in X,where M, pand ¢ are given asin Theorem 2.1. Then there exists a unique p in
X suchthatp=Tpand ¢(p) = 0.

Proof : Follows from the Theorem 2.1 by taking L(x,y,z) = M(x,y, z).

Corollary 2.4. Let (X, G) be a complete G-metric space and T be a self map of X
satisfying u(G(T"x, T"y,T" z) + @(T"x) + o(T"y) + o(T"2)) < u(M(x,y,z)) —
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@(M(x,y,2)) forall x,y,z in X,where M, wand ¢ are given as in Theorem 2.1. Then
there exists a unique p in X such that p = Tp and ¢(p) = 0.

Proof : Take T™ = A in the Theorem 2.1. Then A has a unique fixed point,say p, in X.
Now T"p=Ap=pand ¢(p) = @(T"p) = ¢(Ap) = 0.Since T"*1 p=Tp, ATp
=T"Tp = T"*1p = Tp , which shows that Tp is also a fixed point of A. Hence by

uniqueness of the fixed point , we get Tp = p.
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